
Any on Algebra
-

There are two basic operations in  a system

with angous : fusion and braiding .

Fusion
-

Denoting argon types by a. b. c
. .

. ,
we write

A Xb = ? Nc
ab c

,
which means that

A and b feed to give a linear combination of

argon types .
N cab are allowed to be greater than

One
,

e. g .

, if avyouy correspond to representations of

Suez )
,

but  we will restrict our focus to cases where

N' ab ⇐O or I. One can depict a specific fusion

channel as :

Inc
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Each argon a has its anti - particle I
,

which could

be the argon itself . a XI  
=

It
. . .

The anti -

argon Propagating forward is identical to

to the argon moving
backward in time

fr 41aw =afXa .

Locality and fusion : If a and b fuse to C
,

-

braiding a and b in any
which way

will

hot change the fusion channel .
However if

A fourth argon d first braids with a or

b
,

and then a and b are fused
,

the fusion

channel can change .

for example
,

consider four

Ising avyouz pulled out  of vacuum
.

They fuse to  one

µa9/102Since fusion is a#re, local property as

T a just discussed
.

^
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However if Tz and Tz
i

are first braided then

the outcome of fusion could be a 4 particle .

He tie
a¥÷¥
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-

Properties of fusion matrix N :

-

⑨

AYE = Haji
It's useful to define Nabi  = N cab Since Napa

is symmetric in all its  indices
.

Aclso axb = Ngc⇒ a- x I = Nc
as

I

Such considerations yield Ncab = M£5  

= Nato = Nfib

(b) Associativity : Laxb) xc = ax bad

⇒
Ed Nadb Need = INfab Neat

f-

⇒ Ed [ Na ] bd [ Nc ] de =3 I Ne ]bf l Na ]fe
£

where [ Na ]ij Eef' Nadi



⇒ Na Ne = Ne Na

⇒ All fusion matrices commute .

It turns out

that the matrix that diagonalizes { N } matrices

is the modular S - matrix whose elements Sij

are proportional to the mutual statistics C braiding )

of argon
i with argon j .

-
Change of basis : F symbols

-

fusion is quite  analogous to angular momentum addition .

e- g.  ,
for Ising anyone

rxr
-

- sty I I XI =  otlz .

Consider adding three spin - I s
'

 
- tzxtzxlz .

One can first

add the first  and second spin or alternatively ,
first  add

the second and third spin .

The basis change between

these two set  of States is implemented via the

Wigner Gj symbol .
Same is true for fusion .

Example :

Farfour Tsing anyone
C Majorana zero modes )

,

Ni , 92 , Rz , Ny .

Fix the fermion parity
i Ringingng = I

.

Eel's first consider the basis

in which in , az and inez Met ane diagonal .



One can represent  in , 72 as pauli 21 and
'

Mszp

as Pauli Zz .

Fermion parity constraint  implies

that

Ig-222=1
⇒ the two dimensional space

on which the Tsing anyone operate  is :

14T > in1147
.

Now lets instead consider the basis in which

i R , Nic and Inez a ,
are diagonal .

One can

cheek that the following operator assignment  works :

int RL = Xi Xz i Razz= Yl Yz

The eigenstates in this new boss are
:

¥249 till > I. jzdti> - Itt > ] .

Thus .
the

matrix that  implements the basis change
is :

F-  =L :;) .

"

=



More generally .

the F - matrix  is defined as :

¥÷÷÷¥¥÷
Thus ,

in the above example , we evaluated FIT?

Since the F - matrix implements a basis change .

it must be unitary when considered a 2×2

matrix with indices d. f above
.#



Pentagon Equation
-

The f - matrix allows one to transform one

state  into another in several different ways .

b.
e. g.  :

:* r

g p
eTreC a b C

h↳ ¥ .

r

g
e

e

where we have suppressed Several arrows for anyone

trajectories to  avoid clutter
. Symbolically .

this corresponds to

[ Ftecd ]ge I Faebd ]fk

= { [ Fagbc ]fw [ Fae"

]gk *b
:D The

he



This equation puts a very severe constraint on

the allowed values of F
.

For a given set of

fusion rules .
there are only a finite set of

Solutions .

Combined with the hexagon earn .

( see below ) .

One obtains essentially all known

topological phases .

Application :

-

lets we the Bentos on eqn .
to solve for the

F - matrix for Fibonacci ongoing ,

whose fusion rudis :

exe = Lte
.

The interesting case is FI
"

,

Since then there is a two -
dimensional subspace

on which F acts .

¥÷=÷i¥
.

Both a
,

b are allowed to be I or e
.

In contrast consider FIZZ :

'

= %iI÷:÷ .

to a = c. b=e
.

since ex 1=2
.



One can similarly check other cases and conclude that

the interesting cease is Feet .

To determine this
,

first set all indices except h in the pentagon earn

to e ⇒

[ FF ]e .

HE " ]ee=ElFE"Iewlf'T ]
Zz

"

HEY ] he

= I Fee
" ] ,

IF I IFE " Tee

+ Ife "

] [FIT' I
,

IF7Th
Z

EL

As discussed above [ Feet- Tee = I
.

⇒ IFIe Pee = LFEee I ! t HEIKKI 'T
EL

Next , consider
, e.g .

Love can try other combinations

of course )
,

A=b=c=d = e

and e =L .
Since FY

"

corresponds to

'

e and Bwww.Yfhwmfje.rzee⇒ g
-

-
e -

- e

Corresponds to ¥4-

and is non
- zero only whenIL

a
-

- e ⇒ f  

= bee .



⇒ as = Effeye Ten IFesh
- Ice IFI " The

h

= LFI Ies I Fee " I get FEET }
ZZZ

Taking Feto be real C this B a gueye
choice )

,

unitarily implies III.Fill !! II
.
] -

- fi :]
Fee

T -
ut

⇒ f ? ,
t f , } = I F

, ,
Fe ,

t Fee Fez = O

FEI t Fei =L

Solving
these

,
Fi , =

- Fee ,

Fse = Fei
.

The equ for Fee B : Fe } = I - 2 FEE .

The only solve
.

compatible with unitarily
B the

(golden mean )
' I

,
Fee =

Tz5=It
. Solving the rest

r÷=tEI
,



Braiding and Self - Statistics

-

The self - statistics of awyowg
is obtained by

twisting the world - line

By
It :

I gpa=ewha fr
tha us

.

ha = I for

terming .

Thinking of world line as a ribbon ,

this is same

as twisting the ribbon :

⇒ 8

*=
.:p ,

or  •

Now
,

let's consider two ongoing fusing into

C

a third one

face
=

/ )

* IN
a b



Let's define the braiding operation Reas as

Raab ab = §b
a

c

equivalent 's
pea.

= ⇒
a

One naively may think that braiding twice

is related to self -
twist

.

let's see how :

Raab Reba ),$ =

I
'

t
= P

= erotic he - ha - hb ) II
69 IN

al b ⇒ Rcab Reba = em
'

cha - ha
.hb)

C try the using a paper cut like the ribbon above )
.



Hexagon Equi
#

A combination of R and F operations leads

to a constraint  in similar spirit as the

b
C

Pentagon egni : e I

a

÷ .Em
.

b

a
Tf '

at I
d

*
c f

I
d

We will skip the explicit form with all indices C see

Steve Simon 's book )
. Schematically ,

R ga F Rcbg = IF Rcaf F-

There B a similar eqn with R
- I instead of R

.

R
- l

f- R
- I

= I F R
- I F

.



Solving Pentagon and hexagon earns .
is difficult .

It is generally believedthat solving these

egos . yields all anyone theories in 2ft - d
.

-

An application : Braid matrices for Fib - anyone .

-
-

R and F matrices are especially helpful to express

braiding of anyone
which do not have a fusion

channel in terms of Simpler processes .

Consider
three Fib - anyous ,

The Hilbert space

is spanned by following three vectors :

\

22
(

2

. :* .
. mix .

z
R

I 22127 =

z

'

* :



Lets consider a process where ez and 3 are

braided in state to > :

f 3 This defines the braid matrix

\ 72310 > = ( B23111 to >

B.
no

2
B

+

eB.zds.eu
>

Similarly ,

Z I -2311 > = (Bz 3) es to >

\tdBz37zz
117

Question : How to represent7323107?
a linear combination of 107 and It >

.

.

, '

13^2310
> =

"

¥y
-

3

I I

HI .

24£-

I → Apply F here

Zz

= E \
3 ( FeIIe ;

i⇒x
,

of
✓

= 7
,

EETs :
Re :

= ! !
,

d-7- Is : RT .HEY : ;
-

[ F Rf
- I ] Cf

- I =f )
a ;



= ( f. Rf -1) zz
107 t ( FRF - ' Izz 117

- Koi 15

using F  = 174¥
'

4TH and RT -

-

e
ails

RE =  
- e

One finds
,

1323 =
F Rf

- I

=/
. E

"
-

"

"'¥1
Since anyone e , ,

ez already have a fusion

channel ,
the corresponding

braid matrix Biz

is trivial Best[ Rt
ref ] .

One can also include the state 12 > in the definition

of the braid matrix .
Since  its total fusion channel

is different Ce , , ez , g fuse to 1 in stale 12 > ) ,
it

can 't mix with to > and is > .

Therefore Biz and

B^
23 Only yield a phase when acting

on 127 .

One finds B^,z 127 = Izz 127
- Tails

= RE 127 =  - e
127

C left as homework ) .



String - net phases
-

Above ,
we

discussed space - time diagramsfor anyone

using
R and F matrices .

The idea of string .net

phases is to consider a similar approach to

wave - fns .
Wave . f  n is written as a sum of

Strings while allowing strings to intersect I branch
.

The strings

satisfy
:

lol Ej 3 =

di
to [ ME ]

OIL
¥¥I=FnlolD⇐¥¥D%

]
n

j k

F symbol acts in the same - way
as in space-time

diagrams. Other rules are more obvious ,
e. g-  ,

a string type doesn't change due to local processes

I , .

Similar to space - time

diagrams .



F symbols again satisfy Pentagon eqn .

The indices isj .
k etc . take value from 0

to N where N is the member  of string types .

Remarkably , more each set of valid CF
,

d ) one

can find an exactly solvable Hamiltonian of the

form similar to toric code :

H =  
- I QI - E Bp .

I P

The Hilbert space consists of spins that take

values O -

' N and dive on the links of honeycomb
- i # O .

one draws

lattice .If the spin stale B

a string on
a link with index i

.

AI acts on a site as

QI idk) = Sisk /y¥
. )

where 8ijk= I if { is I .
k } allowed string config .

otherwise O
.

N

Bp = I as Bps where s is the string type
5=0

acts on a plague p as



Bps.

= i.e .

it adds

a string of type s on plagvette P .
as

are arbitrary excepts as* = aft where s*

denotes a dural string with opposite orientation ,

a bit like anti - particle in space - time diagrams .

-#

Example

# I :

F-

N -

- I Coney one type of string )

with no branching .

The only Solus .

of the Pentagon egm are .if[ O ] = ± 4 IDK ]reI 7C ] = I KI
.

Thus
.

ol C X ) = ⇐ )
"

where X comes bonds

to a close loop config . and Xc B the number of

loops in config- X
'

i - e .  '

# of loops

I ground state > = It) 107
O



The t sign corresponds to Zz toric code

( Zz garage theory) and - sign corresponds to

the double Semion theory
whose quasi particle

content is ( I , ol ,
do

*

,
m ) where m is

the bound state of lo and Q* .

The fusion

rules are :

ion
.

*
4 to I m do

0* to m s lo
m /

m ol 't ol I

The twists C self - statistics ) are
C I ,

i
,

- i
,

I )

respectively.
Of and f* one

called 6 seniors ?

The mutual statistics B :

I M

01 I - I I - I

Q* I1 - I - I

m I - I - I 1



Lets derive some of these results from simple

considerations .

The excitations are given by ends of an a

open string .

.

Define the twist  operator O

as g

q
- excitation

=

q
That B I rotates a quasi particle by 2E

,
as it

Should
.

The self - statistics of gaksi particles

is given by the eigenvalues of 8
.

I
-

7

oq=j s :

=
- GO-

-
-

I



Thus § = [y I

]=iry
in the basis

IX. leg > .

eigc I ) = It I
,

which corresponds

to fo and 4* ,
as stales above .

The

bound state has exchange stahstrse of ix =L .

Given the similarity between Zz torn code

and double Semion ground States ,
let's also not the

Hamiltonian for the double Semion "

in ftzjn]
H -

-

- EE.at#rxtFIzr7etpIsote

The two terms commute as one may
cheek

.

-



Example # 2 :

F-

Next consider the simplest model which allows for

branching ,
with N = I

. .

Since there is only

One kind of string .
one might guess this is related

to the Fibonacci anyone ,which B correct - its

a doubled version of that
.

String net rules

x =

HIEI=LIF:3
. ;oil ]j

Using our earlier result

= HEY . .4K¥.
]

+ He ] . .

Y
LIKE

. ]
= lot Y I) ( pt TET 4Gt ]



Similarly ,

4L HI -

- toy -g-
'

I⇐Fe , $ f- Fee ]

Let's use these rules to calculate self - takas ties

of excitations . Due to allowed branching .

there are three kinds of string endings :

: 9
Cc )

everything else can be reduced to these by
F - moves .

Lets apply 8 to there three
.



§ } = § ← apply
F here

= I
'

x
t To '

= of
' Cb ) t Tft Ce)

°
"

P
=

g
-

-

ca )

&

§
I

@µ apply
F here

= tot - ol
' '

If= TE ' Lb) - of
'



⇒

one an e : is:3
Diagonal ' U'

ng
. tub , one finds

eigco ) = y ,Eilert?

i 4h45

E corresponds to I and

-i  4h15
, e.

*

,

its timeverersed

E '  '

Partner , similar to of and
* in doubles emon .

Hence the name double - fibonacci . .

This B

a general feature of  string
- net models ,

they are time - reversal symmetric .

-


